Abstract: Determination of the Higgs self-coupling in the Standard Model is the primary motivations among all the future lepton colliders. Extending the scalar sector of the Standard Model by a new Higgs doublet with a quadratic Higgs potential gives many new features to the model, and most importantly additional Higgs self-couplings emerge. Measuring these couplings is the only way to reconstruct the shape of the scalar potential. In this study, the numerical analysis of several scattering processes is carried out for the two-Higgs-doublet model to determine all these Higgs self-couplings. These processes are selected among various possible combinations of additional Higgs states. The computation is carried out in the exact alignment limit (s βα = 1). The distribution of the cross-sections is presented regarding the polarization of the incoming beams and up to √ s = 3 TeV. A strategy for extracting the Higgs self-couplings are considered in 2HDM and at the future lepton colliders.
Introduction
The masses of the fundamental particles are generated through the electroweak symmetry breaking mechanism (EWSB) in the Standard Model (SM). That mechanism is constructed with the inclusion of a scalar Higgs field and a quadratic scalar potential. One prominent prediction of this theory is a scalar particle named the Higgs boson which had been searched for a long time, and finally, it was discovered at the LHC [1] [2] [3] [4] . Many production and decay channels of the Higgs particle have been studied extensively since then. According to the measurements, it resembles what the SM predicts so far. There is a model called the two-Higgs-doublet (2HDM) where another Higgs doublet is added to the SM. In 2HDM, there are charged Higgs boson pairs (H ± ) and three neutral Higgs states (h 0 , A 0 , H 0 ). Adding this extra scalar doublet introduces rich phenomenological implications which need attention. The experiments at the LHC goes well so far with many results. However, a precision machine such as lepton collider is necessary for studying the Higgs particle and its properties thoroughly. In lepton colliders, the initial state is well defined. If the four-momenta of the remnants in the collision could be extracted in high precision, that would help to reconstruct the event in detail. There are couple of proposals for the future lepton colliders; the Circular Electron-Positron Collider (CEPC) in China [5] [6] [7] , the Future Circular Collider (FCC-ee) [8] at CERN [9] , and the International Linear Collider (ILC) in Japan [10] . These proposals support that the electron-positron collisions are excellent machines to produce many Higgs bosons as well as studying its properties. They will be literally the Higgs factories, and they could be used for complementing all the LHC results.
According to the SM, the mass of the Higgs particle is related to Higgs self-coupling by m 2 H = 2λv 2 at the tree level, and measuring the Higgs mass makes it possible to determine the Higgs self-coupling g HHH . To establish the EWSB mechanism thoroughly, the scalar potential of the Higgs field needs to be constructed orthogonally. That requires making measurements of the triple and quadratic self-couplings, g HHH and g HHHH respectively. Studying the double Higgs-strahlung (e − e + → ZHH) along with WW double-Higgs fusion makes it possible to measure the triple Higgs self-coupling with astonishing precision in the SM [11] [12] [13] [14] . On the other hand, measuring Higgs self-coupling allows us to reconstruct the Higgs potential in the SM, which is the most conclusive test of the EWSB mechanism. If the scalar sector is extended like the 2HDM, determining the selfcouplings, as well as the Higgs potential, could be a complicated task. In 2HDM, there are in a total of 8 trilinear Higgs self-couplings. A similar attempt was made before at what extent the trilinear Higgs couplings could be probed by studying various Higgs boson pairs associated with the Z boson in reference [15] . However, the processes and the region of interest differs from this study, and most importantly the motivation for the free parameters of the model does not hold the basic theoretical constraints (perturbativity and unitarity) of the model which was claimed otherwise. Some of the couplings were studied through the double and the triple Higgs boson production in reference [16, 17] . Besides, triple and quartic Higgs couplings have been studied at the linear colliders in the context of the MSSM in reference [18] [19] [20] [21] [22] [23] . In this work, we analyzed various scattering processes in e − e + -collider and concluded whether all these Higgs self-couplings could be determined. In this aim, the correlation between these couplings and scattering processes is examined, and a plan is offered on how to determine the triple Higgs self-couplings. Distributions for the cross-sections are calculated as a function of the center-of-mass (CM) energy and the polarization of the incoming beams. The results are obtained in 2HDM is analyzed for the free parameters of the model considering the recent experimental limits. This paper is organized as follows. In section 2, we briefly introduce the scalar potential, the relevant couplings and the Higgs mechanism in SM and 2HDM. A discussion on the experimental and theoretical constraints are carried out. The connection between the processes and the Higgs self-couplings are analyzed. In section 3, the analytical expressions regarding the kinematics of the scattering are presented. The numerical results and a discussion are given in section 4. At last, conclusion and summary are delivered in section 5.
2 Short review of the Higgs mechanism and the self-couplings in 2HDM
Higgs mechanism in the SM
In the SM, the electroweak gauge bosons and the fundamental matter particles acquire their masses interacting with a scalar field called the Higgs field. The scalar potential is defined as follows
The Mexican shape like potential is obtained when the parameters µ and λ have the opposite sign.
To guarantee the stability of vacuum, the self-coupling λ is assumed to be positive and µ 2 < 0 is set accordingly. The minimum of the scalar potential occurs at Φ = v = 246 GeV, where
Then, expanding the Higgs field around its vacuum expectation value, and sorting out the scalar potential we get the mass term of the Higgs particle and the self-couplings of the Higgs boson [24, 25] 
The complete reconstruction of the Higgs potential in the SM requires the determination of the trilinear (g HHH ) and the quadratic (g HHHH ) Higgs self-couplings.
Scalar potential and parameter space in the 2HDM
In this section, we give a summary of the scalar potential and the parameters which are relevant to the results. 2HDM simply includes a second SU (2) L Higgs doublet with the same hypercharge of the original Higgs field. This model has been studied extensively in the literature [26] [27] [28] [29] [30] . Since we are not interested in the flavor-changing-neutral-currents (FCNCs) in this study, a discrete symmetry called Z 2 is imposed on the Lagrangian [31] which constraints them. The Higgs doublets in Higgs basis are defined as Φ i , (i = 1, 2) where
Accordingly, the scalar potential in the Higgs basis is defined in equation 2.4.
where all the coupling constants are real, in general the parameters m 2 3 and Λ 5 could be complex but we take them real for simplicity. Following the prescriptions defined in reference [32] [33] [34] , the masses of all the extra Higgs bosons could be calculated as usual. Simply plugging in the Higgs fields into the scalar potential, and after sorting out the terms in equation 2.4, the potential will be decomposed into a quadratic term plus cubic and quartic ones. The quadratic terms define the physical Higgs states and their masses. The masses are obtained by diagonalizing the quadratic mass terms. The rotation angle s βα = sin(β − α) defines the mixing among the CP-even Higgs states [29] . The rest of cubic and quartic terms define the couplings and the interactions among the new states in 2HDM.
In this study, we explored the exact alignment limit and set s βα = 1, as a result, h 0 becomes indistinguishable from the SM Higgs boson regarding mass and couplings. Consequently, the free parameters of the model which are important for this study are the masses of the neutral Higgs bosons (m h/H 0 /A 0 ), the ratio of the vacuum expectation values (tan β), mixing angle between the CP-even neutral Higgs states (s βα ), and the soft breaking scale of the discrete symmetry (m These free parameters need to be constrained in some way. We imposed the following constraints which are solely defined on a theoretical point of view in 2HDM.
• Stability : The scalar potential has to be positive at large values of the field [37] [38] [39] [40] [41] .
• Unitarity : The amplitudes need to be flat at asymptotically large energies [42] .
• Perturbativity : All the quartic scalar couplings in 2HDM need to be smaller than a particular value,
The parameter space is tested whether they obey these constraints with the help of 2HDMC-1.7.0 [36] .
There is another set of constraints which are coming from all the previous experiments. We followed a recent study [43] where the flavor limits are presented, and figure 3 in reference [43] particularly gives the available region which is not yet excluded. The 2HDM has charged Higgs states (H ± ) compared to the SM, and these could easily make a novel contribution to the flavor observables. Besides, LEP, Tevatron, and LHC established many constraints on m H ± and t β . Discussion on the new limits is carried out in reference [44] and the references therein. Inspired by the reference [43] and the current experimental results at the LHC [44] , masses of all the extra Higgs bosons are set to be m H = m H 0 = m A 0 = m H ± . This selection also minimizes the oblique parameters [45] [46] [47] [48] [49] [50] , so all the electroweak observables are close to the SM ones. In the exact alignment limit, the decay of the H 0 to vector boson pairs is suppressed. On the other hand, as it is -3 -stated by reference [43] , the neutral meson mixings ∆M s in Type-I and the results ofB(B 0 s → µ + µ − ) restrict the low t β region. Thus, t β > 2 region is adopted. Moreover, m H is not constrained for large t β range. As a result, the analysis is carried out in the 2 < t β < 40 range. Finally, the last parameter is the soft symmetry breaking term m The computation is performed in Type-I. On the other hand, the other types of Yukawa coupling schemes are also possible such as Type-I/-II/-Y/-X [26] . However, that does not affect the any of the cross-sections because of the reason that the couplings between the electrons and positrons to Higgses could not make noticable contributions. That will be explained more in the next section. The parameter region and the parameters are presented in table 1. 
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Higgs self-couplings in 2HDM
For completeness, we present the Higgs self-couplings in 2HDM as a function of the Λ i given in equation 2.4. According to the parameter space, s βα = 1 and c βα = 0 are set. Besides, in the limit of m H 0 = m A 0 = m H ± and exact alignment Λ 4 , Λ 5 and Λ 6 vanish. Therefore, the Higgs self-couplings get simplified, and they are given in equation 2.5-2.10, where Λ 345 = Λ 3 + Λ 4 + Λ 5 . As the experimental results favor the exact alignment limit, it is illuminating whether the self Higgs couplings are possible to measure in this limit. Among all the Higgs self-couplings only g h 0 h 0 H 0 vanishes, and the rest of them reduces down to a simple function of Λ i . Moreover, the couplings g h 0 H 0 H 0 and g h 0 A 0 A 0 are equal to each other, and we also remark that ratio is
These predictions could also be tested experimentally.
= ivΛ 7 (2.10)
Determining the Higgs self-couplings in 2HDM
In the SM, due to the small coupling between the Higgs boson and electron-positron g e − e + H , the diagrams where Higgs is intermediated do not make a noticeable contribution. Therefore, they could be neglected safely. The Feynman diagrams which contribute are given in figure 2. The diagram with the red dot is the one which makes the dominant contribution to the production of ZHH, and that diagram alone makes it possible to measure the Higgs self-coupling in the SM. Moreover, the quartic coupling g ZZHH is also suppressed compared to the trilinear coupling. The situation is cumbersome for the 2HDM because there is more than one Higgs self-coupling. As we are interested in the case where the h 0 is indistinguishable from the SM Higgs (H), the arguments in the SM hold for the 2HDM as well. The absolute value of the couplings g e − e + h 0 , g e − e + H 0 and g e − e + A 0 are less than ∼ 10 −6 . Therefore, they could be neglected and noted that g e − e + Z 0 coupling is the only one which could make a significant contribution. Thus, Feynman diagrams, where the Zboson is intermediated, are the ones we take into account in the computation. At last, the quadratic couplings compared to the trilinear Higgs self-couplings are small, and they could be omitted as well. The first set of scattering processes which are investigated includes the following final states.
They include various combination of the trilinear Higgs self-couplings, but in any case they have a cross-section less than ∼ 10 −11 fb. Only exception is the process e − e + → A 0 A 0 A 0 which is at the order of ∼ 0.04 ab. However, it still less than an atto-barn, therefore, it could not be possible to detect a single event throughout the lifetime of any collider. Hence, the second set of processes are given in the top row of table 2. These are the scattering processes which could be used to determine the Higgs self-couplings in the 2HDM. Moreover, they are the only ones which have a cross-section greater than atto barn. In 
The Feynman diagrams which contribute to each scattering process are given in figure 3 . They all share the same topology, Z-boson is intermediated between the initial and the final states, but different particles and couplings are involved. Besides of all these self-couplings, it can be seen at first glance in figure 3 that the couplings g ZH 0 A 0 and g ZZh 0 are also involved in each of the scattering processes. Therefore, these couplings need to be determined as well. Studying e − e + → ZZh 0 and e − e + → ZA 0 h 0 could let us determine the g ZZh 0 and g ZH 0 A 0 , respectively. 
Machinery for the numerical analysis
The scattering of all the processes are denoted as
where k a (a = 1, ..., 5) are the four-momenta of the incoming electron and the positron beam, at the right-hand side of the reaction A, B and C represent the final states defined in table 2, respectively. The spin polarizations of the incoming particles are denoted by µ and ν. The relevant Feynman diagrams which make the contribution to the scattering in SM and 2HDM are shown in figure 2 and 3, respectively. The vertices are calculated with the help of FeynRules [51, 52] , and they are in good agreement with the model file in FeynArts [53, 54] , then the diagrams as well as the amplitudes are obtained employing FeynArts. After, the simplification of the amplitudes, squaring the total amplitude, and integration over the phase space of the final states in a 2 → 3 scattering is accomplished using the driver program in FormCalc [55] routines. The differential cross-section for each of the scattering processes, which are given in table 2, are defined as
where Φ(s) = s 2 − 4sm 2 e is the flux factor for the incoming e − e + beams. M is the total amplitude of all the tree-level diagrams for each processes. The factor 1/n! is due to the identical particles at the final state. The summation in equation 3.2 is taken over the polarization of the Z-boson if there is, and next the spin-averaging of the initial particles are employed. The three-particle phase-space of the final state is defined as
3)
The computation requires a mutli-dimensional integration, and we employed Monte-Carlo integration methods. Therefore, the routines in CUBA [56, 57] library are used. The polarized cross-section σ(s; P e + , P e − ) for an arbitrary degree of longitudinal beam polarizations is defined as σ(s; P e − , P e + ) = 1
where σ LR stands for the cross-section where the electron beam is polarized completely left-handed (P e + = −1) and the positron beam is polarized completely (P e − = +1) right-handed. The crosssections σ RL , σ LL and σ RR are defined similarly. Note that due to the nature of the scattering process, σ LL and σ RR are small to make an impact so we safely neglected these contributions in equation 3.4.
Results and discussion
In the computation, the results are presented for the following constants. The SM parameters are taken from reference [58] where m e = 0.51099 MeV, m Z = 91.1876 GeV, s w = 0.222897, and α = 1/127.944 are given. The mass of the SM Higgs boson is m H = 125.09 GeV [1] [2] [3] . The other free parameters in the 2HDM are already introduced in section 2.
The cross-section of the prominent channel e − e + → Z 0 HH (double Higgs-strahlung) in SM is presented in figure 4 (left). The unpolarized cross-section is around 0.174 fb at √ s = 0.5 TeV, and it rises to 0.189 fb at √ s = 0.6 TeV, then decreases slowly for higher energies. It is also seen that the left-handed polarized electron and the right-handed polarized positron enhances the crosssection up to 0.459 fb. Additionally, the distributions for two polarization cases (σ(−0.3, +0.8)) and (σ(−0.6, +0.8)) are given in figure 4 (left). Besides of that, on the right-hand side of the figure 4, all the possible polarization configurations for the incoming beams are scanned, and the cross-section for double Higgs-strahlung is computed. The ratio σ(P e − , P e + )/σ U U is plotted as a function of (P e − , P e + ) using the equation 3.4. It clearly shows that, the left-handed electron beam (P e − = −1) and right-handed positron beam (P e + = +1) maximizes the cross-section. The enhancement in the cross-section is raised up to a factor of 2.25 at the right bottom corner. However, it is dropped significantly at the left bottom and the top right corners.
• ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ In this study, the exact alignment limit is taken for the 2HDM. As a result, the triple Higgs coupling g h 0 h 0 h 0 gets the same form with the coupling g HHH in the SM. Therefore, the process e − e + → Z 0 h 0 h 0 in 2HDM has the same distribution given in figure 4 (left). Hence, an additional figure with an identical distribution is not plotted for this process. It is clear that a future lepton collider which has a CM energy 1 TeV could easily probe the Higgs self-coupling g h 0 h 0 h 0 . As it is intended by the exact alignment limit, h 0 has the same couplings and the same production cross-section with the SM Higgs boson regarding the process Z 0 h 0 h 0 .
Considering the parameter space, the couplings g h 0 H 0 H 0 and g h 0 A 0 A 0 , as well as the masses of m H 0 and m A 0 are identical. In addition to that, the topology of Feynman diagrams which take place in e − e + → Z 0 A 0 A 0 and e − e + → Z 0 H 0 H 0 scattering processes are the same. Therefore, the distribution of the cross-section becomes identical, and they are plotted for various polarization cases in figure 5 (left) . Consequently, the distributions given in figure 5 (left) hold for these two processes.
The unpolarized cross-section reaches
Then, it falls slowly at higher energies. Consequently, these two processes will be the next ones to study in the future lepton colliders, and they could be used to extract the couplings g h 0 A 0 A 0 and g h 0 H 0 H 0 . Moving to the next process, the distributions are given in figure 5 (center) for e − e + → A 0 H 0 h 0 . The cross-section is σ U U ∼ 0.005 fb at √ s = 1 TeV. This process could let us to extract the coupling g H 0 A 0 A 0 because the cross-section is small. Finally, the cross-section is calculated for e − e + → A 0 H 0 H 0 and plotted in figure 5 (right), besides, and compared to the other processes it has the smallest cross-section. The cross-section for the unpolarized incoming beams is σ U U ∼ 1.1 ab at √ s = 1 TeV. It drops down rapidly at higher energies. It should be underlined that there are two couplings involved in the scattering which are g H 0 A 0 A 0 and g H 0 H 0 H 0 , and both of them are a function of Λ 7 . The polarization of the incoming beam has the potential to enhance the cross-section which could improve the number of events to be detected at the future lepton colliders. Considering the total luminosity which will be gathered, it will be hard to measure or extract the coupling g ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ An analysis is also carried out to test the t β dependence, and it is given in figure 6 (left) at √ s = 1 TeV. It is seen that the cross-section is flat for the process e − e + → Zh 0 h 0 , that is already expected because the coupling g h 0 h 0 h 0 is the same as the SM one, and it does not change with the t β . In the exact alignment limit (s βα = 1), the production of ZA 0 A 0 and ZH 0 H 0 have identical distributions, since both processes are a function of the same factor (Λ 3 ) that dependence is foreseen. Next, the production rate of A 0 H 0 h 0 is at the maximum at low t β , then it falls at higher t β values and reaches to saturation for t β > 8. The last distribution is for the production of A 0 H 0 H 0 , due to the two couplings are involved in this process the t β dependence is similar at high t β values with the A 0 H 0 h 0 final state. While the cross-section is rising with decreasing values, it falls again for t β < 3. Finally, the cross-section gets declined for all the processes investigated in table 2 at increasing m H values given in figure 6 (right). That is anticipated because the mass of all the extra Higgs states is increased, and the phase space becomes narrowed for the particles at the final state. There is one exception which is the production of Zh 0 h 0 , that process does not depend on the m H mass, and it is flat for all m H values. Overall, the production cross-section of the other processes increases for small m H values.
Summary and conclusion
In this study, the production rates of various processes are carried out in an electron-positron collider. These processes are selected for extracting the triple Higgs self-couplings in a model with the extended scalar sector (2HDM). The model is examined considering the new experimental constraints on the charged Higgs boson. These constraints favor the exact alignment limit where s βα = 1, and consequently h 0 becomes indistinguishable from the SM Higgs boson. There are in total of eight possible Higgs self-couplings, and two of them includes charged Higgs states which are not within the scope of this study. One of the rest vanishes when s βα = 1, and only five of them survive. The involvement of the Higgs self-couplings for each of the processes are given in table 2. As we deliberately picked the s βα = 1 limit, the scattering process e − e + → Z 0 h 0 h 0 which lets ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
• to extract the prominent coupling g h 0 h 0 h 0 just like in the SM. The next task, in the extraction of the triple self-couplings, would be studying Z 0 A 0 A 0 and Z 0 H 0 H 0 final states, then the couplings g h 0 A 0 A 0 and g h 0 H 0 H 0 could be determined, respectively. Besides, these final states have a modest cross-section, and the plan at the detector would be studying them after Zh 0 h 0 . The next process e − e + → A 0 H 0 h 0 lets us access the coupling g H 0 A 0 A 0 . However, the cross-section is small, and it might not be possible to collect enough events considering the luminosity (L = 3 ab −1 ), the acceptance, and the efficiency of the final state which might be appeared in the decay chain of each neutral Higgs bosons. Finally, the process e − e + → A 0 H 0 H 0 makes it possible to determine g H 0 H 0 H 0 with the help of the coupling g H 0 A 0 A 0 if it ever could be obtained in the previous step. However, considering the previous process is hard to observe, measurement of the g H 0 H 0 H 0 coupling is also a challenge using the processes investigated in this paper.
On the other hand, the computations are carried out for different polarized incoming beams too, and according to the possible scenarios, it is shown that it has a potential to increase the crosssection. Indeed, the cross-section is enhanced up to a factor of 1.8 for the left-handed polarized electron beam (P e − = −0.60) and the right-handed polarized positron beams (P e + = +0.80). Since the Z-boson is the intermediated particle between the initial and the final states in all the processes, the polarization has the same effects on all the processes.
Among the proposals of all the future lepton colliders, ILC with a CM range up to 1 TeV has the biggest potential regarding the peak of the cross-section. However, FCC-ee with a √ s = 0.5 TeV could still compete for the couplings g h 0 h 0 h 0 , g h 0 A 0 A 0 and g h 0 H 0 H 0 . Unfortunately, the proposed CEPC do not have enough CM energy to explore the Higgs self-couplings, even the process e − e + → Z 0 HH in the SM.
The last missing piece of the SM (Higgs boson) is exposed by the LHC. However, there is no any clue to the new physics. 2HDM is one simple extension of the SM with full of predictions. This study shows the potential of exploring the triple self Higgs couplings in the 2HDM at the future lepton colliders. Measuring these couplings will let us confirm the shape of the Higgs potential. However, the measurements of the triple Higgs self-couplings is not enough for determining the shape of the Higgs potential. The complete reconstruction could be achieved by measuring the quartic Higgs self-couplings as well. It should be noted that a full detector simulation of e − e + → Z 0 HH in SM was performed in the following references [11] [12] [13] [14] . The rest of the processes which are given in table 2, taking into account the decay chain and the branching ratios of the new extra states, requires a similar detector simulation for a realistic estimation of the potential of the future lepton colliders.
